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1. INTRODUCTION 
In a paper in this journal [2], J. S c h euneman exhibits an interesting involu- 
tive correspondence relating the class of objects of the category & of finite- 
dimensional metabelian Lie algebras over a field F with itself. This corre- 
spondence, denoted here by L -+ L+, is defined using the first cohomology 
group, HI(L), of L with trivial coefficients and the cup product so that 
Ls = HI(L) @ W(L) u HI(L) as a vector space, [hi , ha] = ha u h, for all 
h, , it2 in HI(L) and (La)” = 0. 
Our purpose here is to show that the category 3 of graded metabelian Lie 
algebras possesses an essentially unique duality functor 9 which “turns 
arrows around”. The functor r : 4 -+ 9 which passes from a metabelian 
Lie algebra to its “associated graded” has a left inverse Q and the original 
correspondence is equivalent to Q%lY The original object map L -+ L# is 
not extendable to a functor on &‘; for example, this map interchanges free 
metabelian and Abelian and so, perforce, any extension would be to a contra- 
variant functor. However, d has kernels but not cokernels and thus cannot 
admit such a functor. 
This new formulation shows that the original correspondence is achieved 
by turning products into relations and relations into products, and it makes 
transparent the relation between the derivations and automorphisms of a Lie 
algebra L in .&’ and those of L#. Indeed, the essential parts of the derivations 
and automorphisms of L+ are just the transposes of those of L. Finally, this 
formulation makes clear how one would proceed in the categories of arbitrary 
and of commutative algebras whose third power is zero. 
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2. THE CATEGORY 59 
DEFINITION 2.1. Objects of 9 are pairs (U, Y)? where .Y; is a short 
exact sequence 0 -+ W - U A U + I/ + 0 involving finite-dimensional 
vector spaces over the field F in which A denotes the exterior product. 
A morphism: (U, Y) + (u’, Y’) is a triple (a, /3, r) of linear maps a: : TV-+ IV, 
,B:u+u’jy : V ---f V’ such that the following diagram is commutative: 
0 ---f w + u A u -+ v  -+ 0 
1 
a ISA8 1, 
0 + w’ + U’ A U’ --f V’ --t 0. 
Remark 2.2. The “U” in the pair (U, 9’j is not superfluous, as is illus- 
trated by the fact that a zero object in 9 is (0,O + 0 -+ 0 -+ 0 -+ 0) while 
a one-dimensional object is (Fx, 0 -+ 0 + 0 + 0 --f 0). 
We denote by V the category of finite-dimensional vector spaces over F 
and F-linear maps. If  U is an object of V, we shall denote hom,(U, F) by 
V* and the transpose of a linear map a: by (Y *. Since we consider only finite- 
dimensional vector spaces, we shall identify U* A U* with (U A U)* by 
means of the map 4 such that $(f A g)(u A v) = f(u) g(o) -f(v) g(u) for all 
fp g in CT*, u, v  in U. 
DEFINITION 2.3. I f  Y = (0 + W-% U A G 1 V + 0), we define a 
contravariant functor 9 : Y ---f 3, so that 
and 
PROPOSITION 2.4. Let T:V -+ V be an exact covariant functov such that 
To A e n Q T, where A denotes the exteyiov product functov. Then T admits 
a unique (up to equivalence) extension T to a functor 3 --f 9 such that 
p(U,cY) = (T(U),O+ T(W)--+ T(U)A T(U)* T(V)+O), 
%, ,a, Y> = (T(a)> T(P)> T(Y)). 
An analogous statement holds for contravariant jiunctors. 
The proposition is immediate. However, it yields the uniqueness of the 
duality functor as an extension of the unique involutive contravariant functor 
fJ -+ U* on YF. (That an involutive contravariant functor on V is naturally 
equivalent to hom( - , F) follows from Watt’s representability theorem 
El, Theorem 2.2*, p. 1421.) 
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2.5. We now define a functor r from AZ’ to 9 as follows: If  L is a meta- 
belian Lie algebra, r(L) =(L/LB,O-+ kerp -+ L/L2 AL/L" -%L2+ 0), 
where JL is the map induced by [ , ] in L. I f  f  : L -+ L' is a Lie algebra homo- 
morphism, r( f  ) = (af , f ,  f ILz), wheref is the induced mapf : L/L" + L'ILf2 
and mf is the (uniquely determined) fill in the diagram 
O+kerp-+L,lL2/tL/L2---+L$+0 
I 
i 1 
- - 
fAf 
1 
flp 
0 --f kerp’ -+ L'/L'2 hL'/Lf2 +Lf2 -+ 0. 
2.6. Next we define a functor Q from ‘3 to A! as follows: If  (U, 9) = 
(U,O+ W-+ UA U-S V-+0), O(U,Y)= U@ V as a vector space 
while the Lie product is given by [u, ~‘1 = ~(u A u’) for all u, zc’ in U, 
[U, V] = [V, V] = 0. If  (cy,&y) : (U, 9)-+ (v’, Y) in 3, we put 
Q(,,p, y) equal to that Lie algebra homomorphism such that Q(cz,/?, r)(u + v) = 
/3a+fyvforallu+vinU+ VwithuinU,vinV.ItisevidentthatroQ 
is equivalent to the identity functor on 3. One sees also, for L in A, that L 
is isomorphic to Qr(L) but, since r is not faithful, Sz 0 f  is not equivalent 
to the identity functor on A?. 
For L in A, let L* in A be defined as in the introduction. 
PROPOSITION 2.7. L# and Qgr(L) are isomorphic. 
Proof. By the last remark in 2.6, we need only show that r(L#) is iso- 
morphic to gr(L). Since S(L) = Z(L) (the one cocycle group), we may 
identify H1(L) with (L/L")*. We then have an identification of HI(L) u HI(L) 
with ((L/L2) h(L/L2))*. For L in&, 
r(L) = (L/LZ,~ +R+L/L2AL/L2%L2+o), 
where p is induced by [ , 1. 
9(r(L)) = ((L/L2)*,o +(L2)* %(L/L2)* A(L/Lf)* + R* 3 o) 
III 
HI(L) A HI(L)2 HI(L) U HI(L). 
Thus to prove our contention we need only show that u IS a cokernel of p*, 
and for this it suffices, after noting dimensions, to show that u o p* = 0. 
Take h in (L2)*; then (p*b) = xi fi A gi with fi , gi in (L/L2)*. Now 
tp*h)(% 7) = 4x, ~1, w h ere z = x + L2, 7 = y  + L2, so that 
T (f&) gi(y) - g&)fib)) = hi% ~1. 
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But 
Thus (u o p*h)(x, y) = h[s, y] = S@, y), u rh ere R is any extension of Iz to 
an element ofL* = P(L). Hence, as required, u 0 p*h = 0 as an element of 
H”(L). 
2.8. Considering the arrow reversing nature of 53, one sees at once that 
the original correspondence L +L+ is the one which turns products into 
relations. More precisely, for L in &!, let u1 ,..., u, , V~ ,..., nWT be a basis for L 
with vr ,..., v,, a basis for L2. If, in L, [ui , uj] = Cn: Cijkvk with ciik in the 
ground field F, then L+ is the free metabelian Lie algebra generated by 
zzf,..., u lz+ modulo the ideal spanned by & ciiB[z@, z++]. 
The following lemma will be quite useful. 
LEMMA 2.9. Let 0 + A -% B -% C + 0 be a short exact sequence in an 
Abelian category. Let Q = {p in hom(B, B) / a 0 /? 0 c = 0). Then, if ,B is iz 
hom(B, B), ,i3 is in Q ; f  and onZy if there is an 01 in hom(A, 8) (r in hom(C, C)) 
such that p 0 a = a 0 01 (c 0 /l = y 0 c) and if such an a(y) exists it is unique. 
Further, Q 0 Q C Q and if /3 E Q is invertible, ,E-l E Q. 
DEFINITIGN 2.10. D in hom,(U, U) will be called a derivation of 
(U,O*W-%UA U-%V+O) if ~~(D/tIOfIunD)~p=O, where 
I, is the identity of U. 
PRGPGSITIGN 2.11. The vector space of derivations, A(U, Y), of (U, Sj 
form a Lie algebra undo the operation [Dl , DJ = D,D, - D,D, ~ 
Proof. The result follows from 2.9 and the relation 
[D,,D,l~~,+~,n[D,,D,l=[D,~~,+~,~D~,D~n~,+~,~~~~. 
I f  L is an object of J&‘, then hom,(L/L2, L2) may be identified with those 
elements of the derivation algebra A(L) which map L into L2 and L” to 0. 
After this identification one sees that hom,(L/L2, L2) is an ideal of A(L) and 
we have 
PROPOSITION 2.12. If  L is an object in &Z’, then the derivation algebra 
A(r(L)) of r(L) is isomorphic to A(L)/homF(L/L2. L2). 
270 LEGER AND LUKS 
Proof. Since L” is a characteristic ideal of L, a derivation D in A(L) 
induces a map Lj : L/L2 -L/L’. That pO(DAIT+IA@oker/* =O 
follows from the derivation property of D. The map D -+ D has kernel 
hom,(L, L2) and that it maps d(L) onto A(F(L)) follows from 2.9. 
PROPOSITION 2.13. A(g(U, 9)) = (A(U, Y’))“, where D” denotes the 
transpose of D. 
Proof. This result follows at once from the definition of 9 and 2.10. 
From 2.9 we see 
PROPOSITION 2.14. Let(U,Y) =(U,O-+ I+‘L UA U-% V-+0) bein 
C9. The automorphism group of (U, 9) is isomorphic to the subgroup of GL( U) 
which consists of all A such that p 0 (A A A) 0 p = 0. The isomorphism isgiven 
bY (% P7 r) -+ P- 
If  L is an object of A?‘, let CZ(L) denote the automorphism group of L and 
C&(L) the normal subgroup of Q!(L) consisting of those maps which induce 
the identity of L/L2. Note that &(L) = (I + h j lz E hom,(L/L2,L”)}. We 
have the following analogs of 2.12 and 2.13: 
PROPOSITION 2.15. If L is an object in JY, then the automorphism group, 
WV)), of T(L) is isomorphic to @(L)/Q’,(L). 
PROPOSITION 2.16. ~3’(9( U, Y)) = (@U, ,Fp))“, where At denotes the 
transpose of A. 
2.17. If  L, u, ,..., u, and or ,..., v, are as in 2.8 it is clear now that every 
derivation of L may be written as the sum of a derivation mapping the 
subspace (ul ,..., u,) into itself and a derivation mapping L into L2. Similarly, 
every automorphism of L may be written as the product of an automorphism 
mapping (u1 ,..., UJ into itself and an element of G&(L). By 2.13 and 2.16 we 
see that a linear transformation T of (q ,..., u,) such that Tzc, = C cuui 
extends to a derivation (automorphism) of L if and only if T+ such that 
T+.@ = C cjiuj* extends to a derivation (automorphism) of Lg. 
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